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Graphical Analysis of the Relative Orientation of Molecular Alignment
Tensors for a Protein Dissolved in Two Different Anisotropic Media
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In order to determine precise three-dimensional structures of pro-
teins by residual dipolar coupling constants as the major or even
exclusive structural constraints, it is essential to use two anisotropic
media. In doing so, a reliable and versatile method for estimating
the relative orientation of the alignment tensors for the molecules
dissolved in different anisotropic media is required. In this com-
munication, we present a new graphical approach for this pur-
pose, which does not require structural information of the target
molecules. The correlation map for the two independent data sets
of residual dipolar coupling constants, which can be obtained for
the molecules in different anisotropic media, strongly depends on
the relative orientation of the alignment tensors. We have simu-
lated the correlation maps for all possible combinations of the Eu-
ler angles, which transform one alignment tensor to the other, and
compared them to the experimental data sets reported for labeled
human ubiquitin. This simple graphical method affords a useful
starting point for the structural determinations using residual dipo-
lar couplings. C© 2002 Elsevier Science

Key Words: residual dipolar coupling; anisotropic media; rela-
tive orientation of alignment tensors; correlation map; structural
determination by NMR.

n

io
s
c
tr

s

axis
y
ver,
s
arch
ti-
lar
for-
itin

S)
nd
nd-

sor
.
the
he
r
om
he
r re-
has

ere
e

INTRODUCTION

Direct measurements of the relative orientations of inter
clear dipolar vectors, internuclear distances, and angles
biomacromolecules through residual dipolar couplings have
come possible by developments in the applications of var
anisotropic media to partially align the macromolecules in
lution (1, 2). These parameters are then used as additional
straints to more precisely determine the three-dimensional s
tures of proteins and nucleic acids in conjunction with nea
complete sets of NOE, coupling constant, and chemical s
data (3–5). However, the orientations of the dipolar vectors
the alignment tensor cannot be uniquely determined from a
gle set of residual dipolar coupling measurements, because o
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uncertainty due to the taco-shaped cone nature of the unique
of the alignment tensor (6). This problem can be alleviated b
using an additional orientation of the alignment tensor. Howe
the relative orientation is not knowna priori, and so the degree
of freedom are optimized using a least-squares-based se
procedure (7). In this paper, we propose a new method for es
mating the relative orientation between two different molecu
alignment tensors in the absence of any prior structural in
mation. This method is demonstrated using labeled ubiqu
(76 residues) as a model system.

The residual dipolar couplingDAB(θ, φ) between two directly
coupled nuclei A and B can be expressed as (5, 8)

DAB(θ, φ) = DPAS
20

2∑
k=−2

D0k(φ, θ,0)〈Dk0(Ä(t))〉
[1]

= DAB
a {(3 cos2 θ − 1)+ 3

2
R(sin2 θ cos 2φ)},

where the transformation from the principal axis frame (PA
of the dipolar interaction to the molecular alignment tensor a
further into the laboratory frame is accomplished using seco
rank Wigner rotation matrices with elementsDk′k(x). DAB

a rep-
resents the axial component of the molecular alignment ten
for the dipolar pair A–B, andR is the rhombicity of this tensor
θ andφ are the polar and azimuthal angles that describe
orientation of the A–B interatomic vector with respect to t
molecular alignment frame.Ä(t) is the time-dependent Eule
angles which transform the molecular alignment tensor fr
the PAS of the dipolar interaction to the laboratory frame. T
time dependence of these angles arises from the molecula
orientation. The angled brackets denote that a time average
been performed to account for this reorientation. Although th
is only one value ofDAB

a andR for each tensor, there exists on
pair ofθ andφ for each dipolar pair. When the molecular alig
ment tensor is transformed into a second molecular alignm
tensor by the Euler angles (α, β, γ ) as shown in Fig. 1, the
6
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FIG. 1. A schematic representation of the two molecular alignment frames in which the tensorsD1 (x, y, z) andD2 (x′, y′, z′) for a dipolar pair A–B are
defined.θ andφ are the polar and azimuthal angles, respectively.D1 is transformed into alignment tensor frame 2 using the Euler rotation matrixR(α, β, γ ). The
transformedD1 in frame 2 is denoted by the dashed hemisphere (i.e., for clarity only theDxx, Dyy plane is shown). The axial (Da) and rhombic (Dr) components

of the alignment tensor,D, are defined as1[Dzz− (Dxx + Dyy)/2] and 1(Dxx − Dyy), respectively. The rhombicity (R) is defined asDr/Da. The principal axis

n

e
w

t
t
t
b
a

ill
cal

red
is
e

les

of

f
s

e
is
gs
d

cur
t of

ent
3 3
values (i.e.,Dxx, Dyy, andDzz) of alignment tensor 1 (i.e.,D1) are indicated i

dipolar coupling can be rewritten as

DAB(θ, φ, α, β, γ )

= DPAS
20

2∑
k=−2

D0k(φ, θ,0)Dkk′ (α, β, γ ) 〈Dk′0(Ä(t) 〉

= DAB
a

[
1

2
(3 cos2 θ − 1)(3 cos2 β − 1)− 3

2
sin 2θ sin 2β

× cos(α + φ)+ 3

2
sin2 θ sin2 β cos(2α + 2φ)

[2]

+ 3

2
R

{
1

2
(3 cos2 θ − 1) sin2 β cos 2γ + 1

2
sin 2θ

×{sinβ(cosβ + 1) cos(α + 2γ + φ)+ sinβ(cosβ − 1)

× cos(α−2γ +φ)}+ sin2 θ

{
cos4

(
β

2

)
cos(2α+2γ +2φ)

+ sin4

(
β

2

)
cos(2α − 2γ + 2φ)

}}]
.

Hence, by comparing the correlation pattern of two sets of
perimentally determined residual dipolar couplings from t
alignment tensors (i.e.,D1 and D2) with theoretical simula-
tions, the possibilities for the relative orientation between
two tensors can be reduced because the correlation pa
is strongly dependent on the alignment. From the symme
character and trigonometric relationships in Eq. [2], it can
shown that the residual dipolar coupling has same value for
of the eight following orientations: (θ, φ, α, β, γ ), (θ, φ, α, β,
γ +π ), (θ, π −φ, π −α, β, π − γ ), (θ, π −φ, π −α, β,−γ ),
(θ, φ, π +α, π −β, π − γ ), (θ, φ, π +α, π −β,−γ ), (θ, π −

φ,−α, π −β, γ ), and (θ, π −φ,−α, π −β, π + γ ). Hence,
due to this symmetry, we can reduce the “volume” of Eul
alignment frame 1.
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space that must be searched from 0◦ ≤α <360◦, 0◦ ≤β <180◦,
and 0◦ ≤ γ <360◦ to 0◦ ≤α <180◦, 0◦ ≤β <180◦, and 0◦ ≤
γ <90◦ so that only the orientation (α, β, γ ) is found. If the
A–B vectors are distributed isotropically, this correlation w
have a similar shape to a two-dimensional (2D) separated lo
field (SLF) spectrum of a polycrystalline powder (9). In practice,
however, the number of dipolar couplings that can be measu
in anisotropic solution compared to the polycrystalline state
limited, and thus the sensitivity of this method is inferior to th
2D SLF spectrum method. After determining the Euler ang
linking the two alignment tensors,θ andφ or each dipolar pair
can then be determined from Eqs. [1] and [2].

RESULTS AND DISCUSSION

Simulations of the dependence of the correlation pattern
two sets of residual15N–1H dipolar couplings on the two Euler
anglesα and β (γ set to 0◦) are shown in Fig. 2 and onα
andγ (β set to 60◦) in Fig. 3. In the simulations the values o
DAB

a and R for the two tensors were obtained from previou
measurements on human ubiquitin (DNH

a = 15.85 Hz andR =
0.48 for D1 (measured in charged bicelle solution) andDNH

a =
9.42 Hz andR = 0.163 forD2 (measured in uncharged bicell
solution)) (10). The interpretation of these correlation plots
straightforward. For the first set of residual dipolar couplin
contained inD1, the dipolar couplings in the vertical axis lea
to a maximum value ofDNH whenr NH is parallel to thez axis
(θ = 0◦) of D1. If r NH is parallel to they axis (θ = 90◦;φ = 90◦)
of D1, there are pronounced ridges. Similar relationships oc
for the horizontal axis which corresponds to the second se
residual dipolar couplings contained inD2. By comparing Figs. 2
and 3, it can be seen that this correlation is particularly depend
er
onβ. This is because the rotation of theβ angle corresponds to
rotation of thez axis of the molecular alignment tensor.
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FIG. 2. Theα andβ angle dependence of the correlation plots of simulated dipolar couplings. Theγ angle is fixed to zero.DAB
1 and DAB

2 are the residual
16
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dipolar couplings calculated forDa = 15.85, R= 0.48, andDa = 9.42, R= 0.

A series of dipolar coupling correlation plots obtained fro
the individual normalized (with respect to NH dipolar couplin
1DNH, 1DCαHα (NH), 1DC′N(NH), 1DCαC′ (NH), and2DC′HN(NH)
couplings and the ensemble of all five couplings for hum
ubiquitin from the data sets reported in Ref. (10) are
shown in Fig. 4. The normalization of the dipolar couplin
was performed as described in Ref. (10) (i.e., DAB(NH)=
DAB(γNγH〈r−3

NH〉/(γAγB〈r−3
AB〉))), and taking the internuclear dis

tances to be 1.02, 1.08, 1.34, 1.52, and 2.07Å for the N–H,
Cα–Hα, N–C′, Cα–C′, and C′–HN bond lengths, respectively.
The most probable Euler angles are estimated in the f
lowing way. Correlation plots are initially calculated for al
, respectively. These correlations are calculated at 1◦ intervals forθ andφ.

)

n

s

combinations of Euler angles at 10◦ intervals. Then each cor
relation plot is divided into a mesh with 5-Hz intervals alo
both residual dipolar coupling axes. Then, the number of
points per mesh square for the simulated and experime
plots are counted and normalized to the total number of po
in each case. Matching of the simulated to the experime
data then proceeds by defining a merit function as follows
both the normalized experimental and the simulated data
more than one point per square or both have less than or e
to one point per square, the square takes the value of 1 m

ol-
l
point (0 otherwise). Finally, the values of all the squares are
summed. This total provides a measure of the fit between the



is
e

COMMUNICATIONS 149
n

n
a

e
h
ts
e
li
i
ri

g

tern
ith

ure
,

me
ob-
trix
de-
ar
FIG. 3. Theα andγ angle dependence of the correlatio

simulated and experimental data for each particular Euler a
combination. The resulting three-dimensional data matrix (e
Euler angle constitutes one dimension) is then searched to
the global maximum, which corresponds to the best fit betw
the simulated and experimental data. This Euler angle searc
procedure is then repeated with smaller angular incremen
provide a more accurate estimate of the Euler angles that d
the relative orientation. As an example, a two-dimensional s
(i.e., contour plot) of the three-dimensional data matrix w
γ = 160◦ is shown in Fig. 5. The sensitivity of the total me
function to theα and especially theβ angle is clearly shown (γ
the least sensitive). The results of the search procedure g
ight global maxima (i.e., orientations of equal likelihood) to b
plots of simulated dipolar couplings. Theβ angle is fixed to 60◦.
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(α, β, γ )= (47◦, 6◦, 177◦) with the other seven maxima bein
as listed after Eq. [2].

To confirm that the orientations determined using our pat
matching procedure were valid, we compared our findings w
those determined from X-ray data. From the X-ray struct
(pdb code 1ubq) (12) for the 3D structure of human ubiquitin
four possible relative orientations of the principal axis fra
of alignment tensor to the X-ray coordinate frame were
tained according to the best-fit method, using order ma
analysis of residual dipolar couplings via singular value
composition (13), for each of the two sets of residual dipol

ave
e
couplings. This gave 16 (i.e., the product of the four possi-
ble orientations forD1 to the X-ray coordinate frame times the
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FIG. 4. A series of correlation plots obtained from the individual normalized (a)1DNH, (b)1DCαHα (NH), (c)1DC′N(NH), (d)1DCαC′ (NH), and (e)2DC′HN(NH)
couplings and (f) the sum of all five couplings for human ubiquitin.

)

[
f

ts
ns.
that
lated
four possible orientations forD2 to the X-ray coordinate frame
candidates for the relative orientation (α, β, γ ) between the two
alignment tensors. From the symmetric character of Eq.
the residual dipolar coupling has same value for any of the
lowing orientations: (α, β, γ ), (α, β, γ +π ), (π −α, β, π − γ ),

and (π −α, β,−γ ). Hence, the correlation plots of these 1
candidates can be represented by four orientations as (56◦,

ulat-
2],
ol-

6

7.2◦, 160.2◦), (303.6◦, 7.2◦, 19.8◦), (56.4◦, 172.8◦, 19.8◦), and
(303.6◦, 172.8◦, 160.2◦). Figure 6 shows the correlation plo
of the simulated dipolar couplings of these four orientatio
By comparing Figs. 6a and 6d with Fig. 4f, it can be seen
there is good agreement between the experimental and simu
results. It is emphasized that the Euler angles used in calc

.4ing Fig. 6a are very close to those determined by our fitting
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FIG. 5. A two-dimensional slice atγ = 160◦ of the three-dimensiona
data matrix which shows the degree of matching of the simulated data s
the experimental data set for different combinations of the Euler angles.
contours reflect the degree of matching as a percentage of the best matc
each of the eight most likely orientations scores 100%).

procedure (i.e., (47◦, 6◦, 177◦)). This close agreement clear
indicates the usefulness and validity of the present approac

The theoretical dependence of the correlation plot of the re
ual dipolar coupling on the rhombicityR is shown in Fig. 7.
Although the plots were dependent onR, the axial components
DAB

a , of the molecular alignment tensor served only to scale
correlation patterns. The scaling by the axial component ca
removed by normalizing the magnitudes of the measured dip
couplings. The scaling factor is the ratio of the square root of
sum of the squares of all dipolar couplings in alignment tens
divided by the square root of the same sum for alignment te
2. For the two data sets of human ubiquitin, this ratio is 1.63
it is almost the same asDa1/Da2 = 1.68. Hence, it is better to
use this ratio forDAB

a and use a histogram (11) to determineR.
Thus, this method only needs two sets of residual dipolar c
pling data and does not require the three-dimensional struc
of the molecule.

In conclusion, we have shown that the relative orientati
of the molecular alignment tensors determined in differ
anisotropic media can be obtained from the correlation of

sets of residual dipolar couplings in the absence of any str
tural information. It can be realized that this method is a “two
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dimensional” extension of the histogram method for determini
the axial and rhombic components from the normalized resid
dipolar couplings (11). Although the resolution ofγ determined
by this new method is low, the resolution is better forα and the
more importantβ angle. Besides, it is important to note that th
precision of the Euler angles determined depend on the diff
ence in orientation betweenD1 andD2, and in the respective
rhombicities.

Though other approaches can be used to determine the r
tive orientation of the molecular alignment tensors in the abse
of any structural information (7), our method does not require
sophisticated software and allows the solution to be visua
verified. Further, although preferable, the new method do
not require all four types of residual dipolar coupling (i.e
1DNH, 1DC′N,1DCαC′ , and 2DC′HN) data. Thus, by using this
new approach the relative orientation of the molecular alignm
tensors can be easily estimated and consequently the infor
tion content of measured residual dipolar coupling data sets
be checked before starting (lengthy) structure calculations.

Supplementary material.A complete set of the simulated
data in the Euler space, 0◦ ≤α <360◦, 0◦ ≤β <180◦, and
0◦ ≤ γ <360◦ to 0◦ ≤α <180◦, 0◦ ≤β <180◦, and 0◦ ≤ γ
< 90◦, at 30◦ intervals, and all programs used in this study a
available, together with instructions, upon request to kainosho
nmr.chem.metro-u.ac.jp.

FIG. 6. Correlation plots of simulated dipolar couplings using the relativ
orientation determined using the order tensor approach for four different ori
tations: (a) (56.4◦, 7.2◦, 160.2◦), (b) (303.6◦, 7.2◦, 19.8◦), (c) (56.4◦, 172.8◦,

-19.8◦), and (d) (303.6◦, 172.8◦, 160.2◦).
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FIG. 7. The rhombicity dependence of the correlation plots of the simulated dipolar couplings. (a)R1 = 0.48, R2 = 0.16; (b) R1 = 0.16, R2 = 0.16; and (c)
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R1 = 0.163,R2 = 0.48.
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